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a b s t r a c t
Recently, Ayse Sonmez [A. Sonmez, On paracompactness in cone metric spaces, Appl.
Math. Lett. 23 (2010) 494–497] proved that a cone metric space is paracompact when
the underlying cone is normal. Also, very recently, Kieu Phuong Chi and Tran Van An
[K.P. Chi, T. Van An, Dugundji’s theorem for cone metric spaces, Appl. Math. Lett. (2010)
doi:10.1016/j.aml.2010.10.034] proved Dugundji’s extension theorem for the normal cone
metric space. The aim of this paper is to prove this in the frame of the tvs-cone spaces in
which the cone does not need to be normal. Examples are given to illustrate the results.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Ordered topological vector spaces, cones and topical functions have applications in applied mathematics, for instance,
in using the approximation method and optimization theory [1–3]. P-metric and P-normed spaces were introduced in the
mid-20th century by replacing the set of real numbers by an ordered Banach space, as the codomain for a metric. Huang
and Zhang [4] reintroduced such spaces under the name conemetric spaces, but they went further, defining convergent and
Cauchy sequences in terms of the interior points of the underlying cone. In a suchway, nonnormal cones can be used as well
(although they used only normal cones), paying attention to the fact that the Sandwich theorem and the continuity of the
metric may not hold. They and other authors [5–8,21,22] proved some fixed-point theorems for contractive-type mappings
in cone metric spaces.
Du [9] introduced the concepts of a tvs-cone metric and a tvs-cone metric space to improve and extend the concept of
a cone metric space in the sense of Huang and Zhang [4]. In [10–13], the authors tried to generalize this approach by using
cones in topological vector spaces instead of Banach spaces. However, it should be noted that an old result shows that if the
underlying cone of an ordered tvs is solid and normal, then such a tvs must be an ordered normed space. Thus, a proper
generalization when passing from norm-valued cone metric spaces to tvs-valued cone metric spaces can be obtained only
in the case of nonnormal cones (for details, see [12]). We will repeat some definitions and results from [12,14], which will
be needed in what follows.
Let E be a Hausdorff topological vector space (tvs for short) with its zero vector θ . A proper nonempty and closed subset
P of E is called a (convex) cone if P + P ⊆ P, λP ⊆ P for λ ≥ 0 and P ∩ (−P) = {θ}. We shall always assume that the
cone P has a nonempty interior intP (such cones are called solid). Each cone P induces a partial order≼ on E by x ≼ y if and
only if y − x ∈ P , and x ≺ y will stand for x ≼ y and x ≠ y, while x ≪ y will stand for y − x ∈ intP . The pair (E, P) is an
ordered topological vector space. For a pair of elements x, y ∈ E such that x ≼ y, put [x, y] = {z ∈ E : x ≼ z ≼ y}. The sets
of the form [x, y] are called order-intervals. It is easy to verify that order-intervals are convex. A subset A of E is said to be
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order-convex if [x, y] ⊂ A, whenever x, y ∈ A and x ≼ y. An ordered topological vector space (E, P) is order-convex if it has
a base of neighborhoods of θ consisting of order-convex subsets (see, e.g., [3,15]). In this case, the cone P is said to be normal.
In the case of a normed space, this condition means that the unit ball is order-convex, which is equivalent to the condition
that there is a number k such that x, y ∈ E and θ ≼ x ≼ y imply that ‖x‖ ≤ k‖y‖. The smallest constant k satisfying the last
inequality is called the normal constant of P . In what follows, E will be a locally convex Hausdorff tvs with its zero vector θ ,
P a solid cone in E, and≼ a partial ordering with respect to P .
Definition 1.1 ([9–12]). Let X be a nonempty set and let (E, P) be an ordered tvs. A vector-valued function d : X × X → E
is said to be a tvs-cone metric if the following conditions hold.
(C1) θ ≼ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y;
(C2) d(x, y) = d(y, x) for all x, y ∈ X;
(C3) d(x, z) ≼ d(x, y)+ d(y, z) for all x, y, z ∈ X .
The pair (X, d) is then called a tvs-cone metric space.
Remark 1.1. The concept of a cone metric space [4] (E is a real Banach space and d : X × X → E satisfies (C1), (C2) and
(C3)) is more general than that of a metric space, because each metric space is a cone metric space, where E = R and
P = [0,+∞). Clearly, a cone metric space in the sense of Huang and Zhang is a special case of tvs-cone metric spaces when
(X, d) is a tvs-cone metric space with respect to a normal cone P .
Example 1.1. Let X = R and E = C1R[0, 1] endowed with the strongest locally convex topology τ ∗, and let P = {f ∈
E : f (t) ≥ 0, t ∈ [0, 1]}. Let us define the tvs-cone metric dtvs : X × X → E with dtvs(x, y)(t) := |x− y|et , t ∈ [0, 1]. P is a
τ ∗-solid cone. This cone is not τ ∗-normal (if it were normal then, according to Theorem 2.1 in [12], the space (E, τ ∗)would
be normed, which is impossible since an infinite-dimensional space with the strongest locally convex topology cannot be
metrizable [15]). Thus, the space (X, dtvs) is a tvs-cone metric space which is not a cone metric space in the sense of Huang
and Zhang [4].
Definition 1.2 ([9,10,12]). Let (X, d) be a tvs-cone metric space, x ∈ X , and let {xn} be a sequence in X .
(i) {xn} tvs-cone converges to xwhenever for every c ∈ E with θ ≪ c there is n0 ∈ N such that d(xn, x)≪ c for all n ≥ n0.
We denote this by cone-limn→∞ xn = x.
(ii) {xn} is a tvs-cone Cauchy sequence whenever for every c ∈ E with θ ≪ c there is n0 ∈ N such that d(xn, xm) ≪ c for
all n,m ≥ n0.
(iii) (X, d) is tvs-cone complete if every tvs-cone Cauchy sequence in X is tvs-cone convergent.
Let (X, d) be a tvs-conemetric space. The following properties are often used, particularly in the casewhen the underlying
cone is only solid. For details of these properties, see [12,14].
(p1) If u ≼ v and v ≪ w, then u ≪ w.
(p2) If θ ≼ u ≪ c for each c ∈ intP , then u = θ .
(p3) If c ∈ intP, an ∈ E and an → θ in the locally convex Hausdorff tvs E, then there exists n0 such that, for all n > n0, we
have an ≪ c .
In generalizing some theorems from metric spaces, Sonmez [16] proved the following result.
Theorem 1.1 ([16]). Let (X, d) be a conemetric space and let P be a normal conewith normal constant k. Then X is a paracompact
space.
Recently, by using Theorem 1.1, Chi and An [17] proved the following result.
Theorem 1.2 ([17]). Let X be a cone metric space with the normal cone P, and let Y be a locally convex space. Suppose that A is
a closed subset of X and that f : A → Y is a continuous map. Then there is a continuous map f : X → Y such that f |A = f .
Remark 1.2. From the proofs of Theorems 1.1 and 1.2, it follows that the authors actually assume strong minihedralness
of the cone, i.e., that every subset of E bounded above has a supremum. This assumption does not appear explicitly in the
formulations, but in all proofs both authors use the notions ‘‘d(x, A)’’ and ‘‘d(A, B)’’. Without the assumption of strong
minihedralness for the cone, d(x, A) and d(A, B) have no sense (for details, see [1,5,8]).
Let (X, d) be a tvs-conemetric space over a solid cone P , and let e be an interior point of P . Using theMinkowski functional
q of the set [−e, e], we obtain the metric dq = q[−e,e] ◦ d and prove that it generates the same topology on X as the cone
metric d. In thiswaywe can investigate properties of tvs-conemetric spaces, applying corresponding results from themetric
setting (see [14], Theorems 3.1. and 3.2.).
Hence, for each tvs-cone metric space (X, d) it follows that (a) (X, d) is paracompact; (b) (X, d) is connected
(resp. separable, compact) if and only if (X, dq) is such a space; (c) (X, d) is Hausdorff, and hence the limit of each convergent
sequence is unique; (e) a function f : (X, d) → (X, d) is continuous if and only if it is sequentially continuous; (f) if (X, d)
is a complete tvs-cone metric space and X = n∈N Bn, where each Bn is closed, then at least one set Bn has a nonempty
interior; that is, (X, d) is a Baire space.
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Now, we will give the definition of a cone normed space, which is a generalization of a norm space.
Definition 1.3 ([18]). Let X be a real vector space and let (E, P) be a real ordered Banach space. Suppose that the mapping
||| · ||| : X → E satisfies the following.
(CN1) |||x||| = θ ⇔ x = θX ;
(CN2) |||αx||| = |α||||x||| for any scalar α and any x ∈ X;
(CN3) |||x+ y||| ≼ |||x||| + |||y||| for all x, y ∈ X .
Then ||| · ||| is called a cone norm on X , and we call (X, ||| · |||) a cone normed space.
It is clear that d(x, y) = |||x − y||| is a cone metric. We will use the symbol ‖ · ‖ for the norm of E and ||| · ||| for the cone
norm of X .
Example 1.2 ([18]). Let E = R2 and let P = {(x, y) : x ≥ 0, y ≥ 0}. Then P is a positive cone ofR2 under the partial ordering
(x1, y1) ≼ (x2, y2) if and only if x1 ≤ x2 and y1 ≤ y2. It is clear that P is a solid cone. Let X = R2, and define ||| · ||| : X → E
by |||(x1, y1)||| = (α|x1|, β|y1|), where α > 0, β > 0. Then ||| · ||| is a cone norm and (X, ||| · |||) is a cone normed space.
Definition 1.4 ([8]). Let K be a nonempty subset of a cone normed space (X, ||| · |||). A set-valued map H : K → 2X is called
a KKMmap if, for every finite subset {x1, x2, . . . , xn} of K ,




where co denotes the convex hull.
2. Main results
The Dugundji extension theorem plays an important role in topological theory (see [19,20]). It states that every contin-
uous map from a closed subset A of the metric space X into a locally convex space E can be continuously extended to X . The
aim of this note is to prove the Dugundji extension theorem for any tvs-cone metric space.
Theorem 2.1. Let (X, d) be a tvs-cone metric space with the solid cone P, and let Y be a locally convex space. Suppose that A is
a closed subset of X and that f : A → Y is a continuous map. Then there is a continuous map f : X → Y such that f |A = f .
Proof. From Theorem3.2. in [14] it follows that f : A → Y (resp. f : X → Y ) is d-continuous if and only if f is dq-continuous.
According to the results from [14], A is also a dq-closed subset of X and f : A → Y is a dq-continuous map. Hence, by the
Dugundji extension theorem for metric spaces [19,20], there is a continuous map f : (X, dq) → Y such that f |A = f . This
completes the proof. 
The next example shows that Theorem 2.1 is a proper generalization of the main result from [17]. Indeed, since, in
Example 2.1, cone P is a nonnormal cone, Theorem 3.3 in [17] is not applicable.
Example 2.1. Let (X, d) be a complete metric space, E be a Banach space C[0, 1] endowed with the strongest locally convex
topology τ(E, E∗), and let P = {x ∈ E : x(t) ≥ 0, t ∈ [0, 1]}. Let us define the tvs-cone metric dtvs : X × X → E with
dtvs(x, y)(t) := d(x, y)et , t ∈ [0, 1]. P is a solid cone. This cone is nonnormal with respect to the topology τ(E, E∗). Indeed,
if it were normal then, according to Theorem 2.1 in [12], the space (E, τ (E, E∗)) would be normed, which is impossible
(similarly as in Example 1.1). Thus, space (X, dtvs) is a complete tvs-cone metric space which is not a cone metric space in
the sense of Huang and Zhang [4]. We obtain that the space (X, dtvs) is paracompact and has Dugundji’s extension property.
Since P is nonnormal, the main results from [16,17] are not applicable.
Theorem 2.2. A tvs-cone metric space (X, d) is first-countable, i.e., each point has a countable local base.
Proof. Let (X, τd) be a topological space with topology τd induced on X by cone metric d. The set {Kc(x) : c ∈ intP, x ∈ X},
where Kc(x) = {y ∈ X : d(x, y)≪ c}, forms a subbasis on X for topology τd. Let x ∈ X be arbitrarily chosen and let U be an
open set such that x ∈ U . There exists Kc(x), for c ∈ intP , such that x ∈ Kc(x) ⊆ U . Let e ∈ P . Then 1n e → θ in the locally
convex space E, and for any interior point (then for c ∈ intP) there exists n0 ∈ N such that 1n e ≪ c, n > n0. Now, we have
x ∈ K 1
n e
(x) ⊆ Kc(x) ⊆ U , and therefore {K 1
n e
(x) : e ∈ intP} is a countable local base for x ∈ X . 
Theorem 2.3. Let (X, ||| · |||) be a cone normed space over a solid cone P and let e ∈ intP. Let (X, τd) be a topological space with
topology τd induced on X by the cone metric d : X × X → E with d(x, y) = |||x− y|||, and let qe be the corresponding Minkowski
functional of [−e, e]. Then, on X there exists a norm ‖ ·‖ : X → Rwith ‖ ·‖ = qe ◦ ||| · |||, such that the topologies induced on X by
cone norm ||| · ||| and norm ‖ ·‖ are equivalent. In other words, the spaces (X, ‖ ·‖) and (X, ||| · |||) have the same collections of open,
closed, and compact sets, and also the same convergent and Cauchy sequences, and the same continuous functions. Moreover, for
arbitrary x, y ∈ X, if |||x||| ≼ |||y|||, then ‖x‖ ≤ ‖y‖.
Proof. Using properties of the Minkowski functional qe and the cone norm ||| · |||, we only have to prove that if ‖x‖ = 0
then x = θX . Let ‖x‖ = qe ◦ |||x||| = 0. Then inf{λ > 0 : |||x||| ∈ λ[−e, e]} = 0, and there exists a sequence {λn}, such
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that λn > 0, λn → 0, n → ∞, and |||x||| ∈ λn[−e, e]. Since θ ≼ |||x||| ≼ λne and for all c ∈ intP there exists n0 such that
λne ≪ c, n > n0, we obtain (using (p1)) that |||x||| ≪ c , for n > n0 and each c ∈ intP . Since c is an arbitrarily chosen point
in the interior of P , using (p2), we obtain |||x||| = θ . By the property of the cone norm, we have x = θX . 
Remark 2.1. According to Theorem 2.3, it follows that we can deal with the space (X, ‖ · ‖)with the norm ‖ · ‖ = qe ◦ ||| · |||,
which is equivalent to the cone norm, and satisfies |||x||| ≼ |||y||| implies ‖x‖ ≤ ‖y‖, for arbitrary x, y ∈ X . Therefore, the
results for cone normed spaces, Theorems 2, 3, 4 and Corollary 4 in [18], can be derived from the respective results for
normed spaces, without the assumption of normality of a cone P .
Theorem 2.4. A cone normed space X over a solid cone P is complete if and only if every absolutely convergent series is convergent.





converges to θ .
Corollary 2.1. Let (X, ||| · |||) be a cone normed space over a solid cone P, and let {xn} be a sequence in X. If {xn} converges to
x ∈ X, then  x1+x2+···+xnn  converges to x.
Theorem 2.6. Let (X, |||·|||) be a cone normed space over a solid cone P, {xn} be a sequence in X, {qn} be a sequence of nonnegative





converges to 0, then the sequences {yn} defined by yn = qnx1+qn−1x2+···+q1xnQn also converge to x.
In [8], Karapinar andTurkoglu provedTheorem2.10 for a conenormed space usingKy Fan’s theorem for topological vector
spaces. However, it is clear that a cone normed space is not a topological vector space. As a consequence of Theorem 2.3, we
have that every cone normed space satisfies Ky Fan’s theorem.
Corollary 2.2. Let (X, ||| · |||) be a cone normed space, K be a nonempty subset of X, and H : K → 2X be a KKM map with closed
values. If H(x) is compact for at least one x ∈ K, thenx∈K H(x) ≠ ∅.
The following lemma improves the result given on page 1663 of [18].
Lemma 2.1. Let (X, ||| · |||) be a cone normed space over a normal cone P. The mapping f : X → E defined with f (x) = |||x||| is
continuous for any x ∈ X.
Proof. Let (X, τd) be a topological spacewith topology τd induced on X by conemetric d : X×X → E with d(x, y) = |||x−y|||.
If xn → x and yn → y, n →∞, then, since P is a normal cone (we can assume that k = 1),wehave d(xn, yn)→ d(x, y), n →
∞ (see Lemma 5 in [4]). When yn = y = θ , n ∈ N, d(xn, θ)→ d(x, θ), i.e., f (xn) = |||xn||| → |||x||| = f (x), n →∞. 
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